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the normal distribution with mean 0 and variance var(6), given

in (29). Therefore Q /var(O], which is the basis of the theoretical

intervals in Table 2, provides centered intervals which have the shortest

possible widths. Since the confidence intervals based on the sample data

rely heavily on the procedure in Section 2, there is no reason to expect

them to be the shortest possible. Nevertheless the mean width of .9299

for k=O and 0 .9 indica tes that , at least in this case, a scheme with

k~O has lit t le focusing power. We examine this issue in greater detail

shortly. 

** .
Notice that m ~ 1 for ® = .l and k=l . This agrees wi th theory since

every time a job enters service imediately upon a r r iva l , a renewa l occurs .

In particular the mean number of renewals for 0 = .l and w 0  is [5]

n(l-p ) 819.2, which does not differ substantially from the reported 991 .

In section 3 we discussed a procedure for combining results for k 0

and k=1 to obtain shorter interva l estimates . Table 3 lists the results

based on (12) and compares them with the theoretica lly shortest achievable

interval for i- a  = .9 , the smallest achievable theoretical probability . The

dramatic reduction in widths compa red to those in Table 2 is apparent. Notice

Table 3

Intersecting Confidence Intervals
Coverage Interval

0 
________ 

Rates Widths

0 1 Theoretica l 90 0.0551
• Sample .96 0.0694

0.5 Theoretica l .90 0.1918
Sample .95 0.2472

0.9 Theoretica l .90 0.1,88
Sample .74 0.1666

that the rates for o = .1 and .5 remain. The poor performance for n = .9 is

I
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to be expected since Table 2 dictates a maxima l achievable rate of .82.

We next discuss the poorer than expected performance for o = .9. Table

4 shows the frequency of intervals corresponding to the seven cases enum-

• erated in Table 1. Notice that for 0 = .l and .5 for k 0 ,1 the intervals

occur principall y among cases 1,2 and 3. For 0 = .9 and k 1  case 3

occurs exclusively. However for 0 =.9 and k=0 the less desirable cases

4 and 5 occur in 98 replications. In particular the 91 of case 5 offer

insight into why the interval width for this case is so large in Table 2.

Table 4

Empirica l Frequency of Interval Estimates by Case (n 8192)

.1 .5 .9
Case Interval k=O k=l k=O k=l k 0  k 1

1 
- 

[a1,a2] ~0 98 58 88 1 0

2 [a1,l] 1/ 0 26 0 0 0

3 [0,a2] 0 1 0 12 1 100

4 [O ,a1]u[a2,l] 3 0 7 0 7 0

5 [0,a1] 0 0 9 0 91 0

6 [a21l] 0 I 0 0 0 0

7 [0,1] 0 0 0 0 0 0

Here f(®) in (10) is i nverted from the desirable situation that arises

in cases 1 ,2 and 3.

Before passing fina l judgement it is instructive to investigate the

effect of increased sample size on coverage rate and interval width for

o= .9. Table 5 compares results for n=8l92 and n=l6384. Notice the

substantial improvement in coverage rate for n=16384 and k=O. Regrettab ly

no similar improvement occurs for the interva l width. Moreover,

~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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lable 5

Comparison of Results for O= .9 and n=8192, 16384

Order of No. of

~ 
Coverage Interva l Scheme Renewals

Mean Variance x 10 Rate Width m** N - 1

n~8l92

Theoretica l 0.9000 29.54 0.95 0 2131 n.a. n.a.

Sample: k=0 0.9000 35.05 0.82 0.9299 13 7 18

k=1 0.9000 24 .92 0 .91 0.2257 38 6/64

n= 16384

Theoretica l 0.9000 14.77 0 .95 0.1507 n.a. n.a.

Sample: k=O 0.8996 12.00 0.95 0.9275 13 136?

k=1 0.8996 12.62 0 .94 0.2028 38 13537

Intersecting
Intervals

n=8l92

Theoretica l 0.9000 n.a. - - .90 0.1788 n.a. n.a.

Sample 0.9000 n.a. 0.74 0.1666 n.a. n.a.

n=16384 
-

Theoretica l 0.9000 n.a. ‘.90 0.1264 n.a. n.a.

Sample 0.8996 n.a. 0.89 0.1518 n.a. n.a. 

-~~-~ ~~~~~~~~~ _~~~ _~~~~
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The use of intersecting intervals offers little improvement over k=l.

A check of the interva l case frequencies in Table 6 shows that while case

5 occurs less frequently for the larger n, it is sti ll dominant for

k=0.

Table 6

Case Frequency Comparison for 0 = .9

k=O k=1
Case Interva l n=8192 

- 
n=16384 

— 
n=8192 n=16384

1 [a1,a2] 1 10 0 0

2 [ai, IJ 0 13 0 0

3 [O ,a2] 1 0 100 100

$ 4 f0,a 1 3 [a2,lJ 7 o o

5 [0,a1] 91 72 0 0

6 [a2,l] 0 0 0 0

7 [0,1] 0 0 0 0

9. Reconinendations

The results in Section 8 offer an encouraging picture for fractile

estimation and provides evidence on how to judge computed interval estimates

for their usefulness. Based on these results one can reconinend the following

steps:

1. Use the computing schemes in Sections 6 and the criterion (27)

in Section 7.

2. If the intervals are case 1 ,2 or 3 for k=O and k=1 , use these

intervals and , if desired , form the intersecting interva l

(with lower probabilit y) as In Section 3.

- -~~~~__  _ _ _ _ _  — -~~~
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3. I f cases 4, 5, 6 or 7 arise for k=O do not use the interval.

Do likewise for k=l.

4. If the nminber of renewals turns out to be small do not use the

intervals since the applicability of asymptotic results remains

in question .

- 



-20-

10. References

1. Billings ley , P., Statistica l Inference for Markov Processes, University
of Chicago Press, 1961.

2. Bliss , C. I., “The Calculation of the Dosage - Mortality Curve ” , Annals
of Appl ied Biology, Vol .22, 1935 , pp. 1 34-167.

3. B l i s s , C. I., “The Comparison of Dosage Mortality Data” , ~~~~~~ of pp1j~ d
Biology, Vol . 22, 1935 , pp. 307—303 .

4. Blomquist , N., “The Covariance Function of the M/G/l Queueing System” ,
Skandivanisk Aktuavietid skrift, Vol . 50, 1 967, pp. 157-174 .

5. Cox, 0. R., Renewa l Theory, Methuen 1962.

6. Cox , 0. R. and W. L. Smi th , Queues, Methuen , 1961 .

1. Crane, M. and 0. L. iglehart , “Simulating Stable Stochastic Systeiiis I:
General Multi server Queues” , J. ACM , Vol.21 , No .1 , January
1974, pp. 103-113.

8. Cran e, M. and 0. L. Iglehart , “Simulating Stable Stochastic Systems 11 :
General Multi server Queues” , J. ACM , Vol . 21 , Janu ary 1974, pp.
114-123 .

9. Feller , W ., “Fluctuation Theory of Recurrent Lvents” , Trans. Amer. Math.

~~~~ Vol . 67 , 1949 , pp. 98-119.

10. F-ieller , 1. C. , The Biologica l Standardization of insulin ” , J._ Roy St~t.
Soc., Supplement to Vol . 7 , 1940 , pp. 1-64 .

Il. Fishma n, G. S., Concepts and Methods in Discrete Lvent Simulation , Wiley ,
1973.

$2. Mil ler , R. G., Simultaneous Statistica l Inference, McGraw-Hill , 1966.

13. Smi th , W. 1., “Regenerative Stochastic Processes” , Proc. Rqy~ Soc., Series
B, Vol . 232, 1955, pp. 6-31 .

- -  - - - - -~_-- U



-21 -

Appendix

The appendix contains algorithms for computing point and l- z

confidence interval estimates for 0 = Pr{W
~ 

< w} for specified w, ~ and

sample size n.

RUNS converts a sample record W(l),. ..,W(n) to a sequence of run l engths

L(l),. ..,L(M) , where M < n, and computes a point estimate of 0.

INPUT

JMA X upper bound on M to be considered .
FRA CTW w .

n number of observations in original W record .
{W(i)} sample record. H

OUTPUT

THETA point estimate of 0.
JMA X largest value of M used.

n actual number of observations used .
{L(j)} sequence of run l engths.

VJJTS computes the cutpoints for rule m** in (27).

INPUT

JMAX, n , {L(j)} from RUNS output.
k J 0 if recurrent state is all zeros,

~ 
1 if recurrent state is all ones .

OUTPUT

JM number of cutpoints < JMAX/2 -I- 1
~M(j)} sequence of cutpoints for j=1 ,. - .,JM .

{COUNT(i)} frequency distribution of run lengths for k’s.

NOTE: T h i s  a lgo r i t h m  d e f i n e s  M( 0 )  - 0 and can be dropped if the
zero subscript is not permitted . The COUNT sequence, alth ouqh
not required , may assist one in determining the degree of confidence
to have in the overall interval estimation procedure. See Section 9.
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CALC computes the sample variances described in Section 6.

INPUT

JMA X and (L(j )}  from RUNS output. 
*m length of the recurrent state y -

k from KUTS input , k=0,1

- . 
. 

C sum of the C~ as defined in (22).

S E sum of the S. as defined in (22).
3

SC sample variance of the C. , s’ (C ) as defined in (23).
SS sampl e variance of the S3

, s (S) as defined in (23).
• SCS sample covariance of C~ and S~, s(C,S) as defined in ( 3).

N N~
_l as defined in (22).

NOTE: This algorithm nay be used for any m between I and ?i(JM),
where M(JM) may be found from the output of KUTS. ror u t - f l , which
is the assumption of independence , one should not use Ih i ’~ rout itut ’
but notice that: C=n , S=nTHETA , SC=SCS~0, N~n and SS--uTIII TA (1-TIIITA) ,
where THETA is taken from the output of RUNS .

CI calculates the endpoints of the 1 - ct confidence interval for 0 and

estimates the variance of Z defined in (7).

INP UT

THETA point estimate for 0 from the outpu t of RUNS.
ZALPHA the (1-ct/2) quantile of the standard norma l distr ibution .

C, S, SC, SS, SCS from the output of CAIC.

OUTPUT

sz s2(Z) as defined in (25).
Al l ower limit of confidence interval.
A2 upper l imit of conf.i.dence interval .
132 coefficient of quadratic term of f(o) in Table 2.

DISC discriminant for f(o) in Table 2.

NOTE: if DISC is negative then one has Case 7 of Tablu ’ ?. If I~~~

is negative one has an inverted interval , Cases 4 ,5 or b of Tahl~’ ~~~.

_ U
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A1~~ r it hm RUNS

1. j ‘ 1 .

2. L( j )  0 .

3. j  ~- j + ] .

4. I f i < J M A X go to 2.

5. i i .

6. XOLD 0 .

7. L (1) — ]

8. 1 ÷ 1 .

9. THETA 0 .

10. L(j) ~~
- L(j)+l

11. XNEW ~~ 0 .

12. If W ( i )  ~I.RACTW then XNEW 1 .

13 .  THETA THETA + X NEW -

14 .  j 
~ 
j + ( X N E W - X O L D )

2
.

15. i +- i+l -

16. XOLD -
~ XNEW .

17. If j < JMA X and i < n go to 10.

18. JMAX ’ j — l .

19.  n 4-  1 — 1

20. THETA *- THETA/n -

21. RETURN . 

•~~~~~~~~~~~~~~
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Alg~r i thm KUTS

1. i4 - O

2. i~ - i+l .

3. COUNT (i) + 0 .

4. I f i < n g o to 2.

5. i -- -i .

6. j~~~j+l

7. COLJNT(L(2j+k+l)) 
~~

- COUNT(L(2j+k+l)) + 1

8. If j i .p.{( J MAx-k -$ )/ 2J go to 6.
9. M(0) 0.

10. j - - 0 .

11 . i ÷ 0 .

12. i -*- i+l .

13. If COUNT( i )  0 and i < n go to 12.

14. If M(j) = i go to 17.

15. j  *- j+l -

16. M(j) ~- i

17. j  
~~

- j+l -

18. M(j) i+l

19. If i < n go to 1?.

20. JM + j-l .

21. RETURN -

_ _   

- - -~~~~~- • ------ -~~-- - - -
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Ai gpr it hm CALC

1. j ÷ - l .

2. j+j+1 .

3 .  If L(2j + k +1)  < and 2j+k+l < JMA X go to 2.
4. K l + j .

5. j  i.p.[(JMAX-k-l )/2] +1 .

6. j 4 - j- l

7. If L(2j +k+l ) < tn and j  > 1(1 go to 6.

8. K 2 4  j.

9. N < - —1 . -

10. S ~~
- - rn.

11. P 4 - —rn .

12. C ~— 0

13. LENGTH ~ - -m -

14. R ~- 0 -

15. Q~~ 
0 .

16. SS 0.

17. SC 0.

18. SR 0.

19. j  ~
- Ki - 1 .

20. j÷j+ l .

21. X ~- L(2j +k+l) .

22. I f X < r n g o to 34.

23. C~~ C + X + LEN G TH .

24. S~ S + X + P .

25. R~~- R + Q .

~
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26. N - - N + 1 + X - m -

27. SC ~~- SC + X - m + (LENGT H + rn)2.
28. SS + SS + X - m +  (P -i- ui) 2.

29. SR + SR + Q2.

30. LENGTH ± 0

31. P 4 - 0 .

32. Q 4 - 0 -

33. X~ - 0 -

34. If j > K2 go to 41.

35. LENGTH + LENGTH + X~.

36. P + P + X .

37. X ÷ L(2j +k+2).

38. LENGTH ~~- LENGTH + X.

39. Q ÷ Q + X

40. Go to 20.

41. I fN 0go to 49.

42. SC + (SC - C2/N) -

43. SS (SS - S2/N).

44. SR ÷ (SR - R2/N).

45. SS + kSS + (l-k)SR

46. SR kSR + (1-k)SS .

47. S < kS + (l—k)R .

48. SCS ~ - (SC + SS - SR)/2.

49. RETURN

- __p  - —- —-_------ ------- --—— - - -_ - —  - -—- --—_~_---—- - ~-
_— - ---- - -- - .~~~~~~~~-—----- -- ----— .-.-_
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Al gorithm CI

1. Al~~~0.

2. A2 +- l -
I

3. SZ ~ - SS - 2THETA(SCS) + THETA SC.

4. B2 C2 - ZALPHA2SC -

5. Bl < 2(C S - ZALPHA2SCS).

6. BO ~2 - ZALPHA 2
SS -

7. DISC ÷ Bl 2 - 4B0 B2 .

8. If B 2 = O g o to l9.

9. If D I SC <Og o to l8.

10. Al ± (Bl - DISC~)/(2B2).

11. A2 ± (B] + DI SC~~~)/(2B2)

12. If B 2 > O g o to 16.

13. TEMP ÷ Al.

14. Al ÷ A2.

15. A2 TEMP.

16. If Al < 0 then Al ÷ 0 .

17. If A2 > 1 then A2 ~ 1

18. RETURN .

19. If 81 > 0 then Al B0/Bl.

20. If 131 - 0 then A2 BO/Bl .

21. Go to 16.

~ 

~~~~~~~~~~~~~ -~~~~ - ——~~~~~~~~_
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